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Abstrat
The onservative dynamis of two point masses given in harmoni oordinates up to the third
post-Newtonian (3pN) order is treated within the framework of onstrained anonial dynamis. A
representation of the approximate Poinaré algebra is onstruted with the aid of Dira brakets.
Uniqueness of the generators of the Poinaré group resp. the integrals of motion is ahieved by
imposing their ation on the point mass oordinates to be idential with that of the usual innites-
imal Poinaré transformations. The seond post-Coulombian approximation to the dynamis of
two point harges as predited by Feynman-Wheeler eletrodynamis in Lorentz gauge is treated
similarly.
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I. INTRODUCTION
High post-Newtonian aurate desription of general relativisti dynamis of ompat
binaries in harmoni gauge has many appliations in relativisti astrophysis, notably in
onnetion with binary pulsars and future gravitational wave astronomy, see e.g. [13℄. Inspi-
ralling ompat binaries are even the most promising soures to be deteted by ground-based
interferometers suh as LIGO, VIRGO and GEO600. The orresponding higher order post-
Coulombian approximation oers a simpler analogue to post-Newtonian dynamis relevant
also on its own [4, 5℄.
The approximate analytial dynamis of ompat binary systems in general relativity is
most often treated in harmoni oordinates (see [6℄ and referenes therein). Quite reently
the dynamis of binary point masses has been ompleted to the third post-Newtonian (3pN)
order [713℄. Hereby results derived by means of the anonial formalism of Arnowitt,
Deser and Misner have been onrmed [1420℄. In approahes based on the use of harmoni
oordinates, the dynamis was rst obtained under the form of ordinary seond order 3pN
equations of motion satised by the partile trajetories. The Lagrangian orresponding to
the onservative part of the motion turns out to be of higher order in the time derivatives
of the point mass oordinates [21℄. This feature is shared by the Lagrangian of Feynman-
Wheeler eletrodynamis in Lorentz gauge derived by Kerner [22, 23℄. In both ases, Euler-
Lagrange equations, of third order or higher, admit a wide lass of solutions inluding
physially irrelevant ones that do not redue to the Newtonian solution in the limit where the
speed of light c tends to innity. This an be seen diretly from the number of independent
initial data inluding higher than rst order time derivatives of the position variable. When
demanding the Newtonian limit, it beomes possible to re-derive the ordinary seond order
equations of motion by an iterative order redution proedure.
The higher order property of these Lagrangians atually arises from the fat that the
dynamis in harmoni oordinates as well as in Lorentz gauge for eletromagnetism are
approximately Poinaré invariant. Indeed, the so-alled no-interation theorem by Martin
and Sanz [24℄ states that Lagrangians of point partiles derived by means of a slow motion
approximation from some lassial eld theory must ontain higher order derivatives from
seond order level in the 1/c2 expansion, if approximate manifest Poinaré invariane is
maintained. For arbitrary approximately Poinaré invariant point-partile dynamis, higher
2
order derivatives must be ontained in the Lagrangian only from the third order in powers
of 1/c2 [25℄. It an also be shown that, if exat Poinaré invariane of a system with nitely
many degrees of freedom is required, (i) Lagrangians inluding interations must depend
on time derivatives of innite order [26℄, (ii) for point partile systems, the positions may
not be hosen as anonial oordinates in Hamiltonian formalism (whih reets the time
non-loality due to retardation) [2729℄.
For the approximate dynamis, appropriate ontat transformations lead to an ordinary
Lagrangian but in a non-harmoni grid [30℄ resp. in a non-Lorentzian gauge. The trans-
formed representation of the dynamis an be desribed by means of an ordinary anonial
formalism. Another approah onsists in onstruting the anonial formalism orresponding
to the dynamis diretly in the original frame.
The original higher order Lagrangian is of singular type beause of the higher order
derivatives ourring in small orretions i.e. in terms of higher order in powers of 1/c2.
The Hessian is thus multiplied with some positive power of 1/c2. Therefore, it is non-
invertible on R[1/c2]/(1/c2n+2), the ring of real polynomials in 1/c2 modulo O(1/c2n+2) we
are working on at the nth order level of approximation. Indeed, in expressing the highest
order derivative as a funtion of the others, the Euler-Lagrange equations are multiplied with
the inverse matrix of the Hessian, so that, in partiular, the Newtonian part is multiplied
with some power of c2 and the Newtonian limit does not exist anymore. Independently from
the 1/c2-power prefator, what we shall all the matrix part of the Hessian may be singular
by itself, leading to an additional singular struture.
The anonial formalism for singular Lagrangians goes bak to Dira [31, 32℄, as well as
Anderson and Bergmann [33℄. The rst anonial treatment of dynamis derived from a slow
motion approximation of a lassial relativisti theory desribed by a singular Lagrangian of
higher order (in the time derivatives) is due to Jaen, Llosa and Molina [34℄. Speializing on
a lass of approximate Lagrangians of a ertain struture in the 1/c2-power expansion and
demanding an invertible matrix part of the Hessian, they developed a method aimed at de-
riving an expliit expression for the Hamiltonian as well as the Dira brakets. They applied
their formalism to the 2pC dynamis in Lorentz gauge. However, the resulting Hamiltonian
was not orret beause of omputational errors. The rst orret 2pC Hamiltonian is due to
Damour and Shäfer [35℄, their approah having been detailed in [30℄. Later, Saito, Sugano,
Ohta and Kimura proposed a method how to treat general higher order singular Lagrangians
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in anonial formalism. They proved the equivalene of Lagrangian and Hamiltonian formu-
lations for singular Lagrangians of higher order [36, 37℄. A similar analysis has later been
performed by Gràia, Pons and Román-Roy in a geometrial framework [38℄. The formal-
ism given in [36℄ was applied to a lass of 2pN Lagrangians to whih the post-Newtonian
Lagrangians in harmoni oordinates do not belong. It was also used by Ohta and Kimura
for investigating aspets of 2pC Feynman-Wheeler dynamis in Lorentz gauge [39℄. Note
that the approahes of artiles [36℄ and [34℄ are ruially dierent. The singularity arising
from the fat that we are working on the ring R[1/c2]/(1/c2n+2) is indeed not onsidered in
Ref. [36℄.
The aim of this paper is to formulate the anonial formalism for the onservative part of
3pN dynamis in harmoni oordinates as well as for 2pC Feynman-Wheeler eletrodynamis
for two partiles in Lorentz gauge and to analyze the dynamis in this framework. For the
formulation, we use a similar method as the one developed in Ref. [34℄ generalized to 3pN
onservative binary dynamis. For the rst time we give the 3pN Hamiltonian in harmoni
oordinates, the orresponding Dira brakets, as well as a anonial representation of the
Poinaré algebra of the 3pN and 2pC dynamis.
The anonial desription is always helpful for a better understanding of the dynamis.
It is an extremely elegant tool to derive features suh as symmetries and integrals of motion.
The latter quantities, omputed in harmoni oordinates at the 3pN order and speialized to
the enter of mass frame [40℄, are useful for the desription of inspiralling ompat binaries
relevant as soures of gravitational waves. They allow the derivation of an analyti para-
metri generalized quasi-Keplerian solution to the 3pN aurate onservative equations of
motion for ompat binaries moving in eentri orbits [41℄. This is relevant in partiular
to onstrut post-Newtonian searh templates for the detetion of gravitational waves or to
ompare the numerial and post-Newtonian desriptions of suh systems. Our integrals of
motion prove to be onsistent with those omputed by Andrade, Blanhet and Faye [21℄ in
Lagrangian formalism, providing a powerful ross hek for the results.
Furthermore the inlusion of spin in post-Newtonian binary dynamis using ovariant
spin supplementary ondition also results in a dynamis that is desribed by a higher order
singular Lagrangian or Hamiltonian when staying in harmoni oordinates [42℄. Espeially,
the investigation of its anonial desription derived using the methods in the present artile
will likely be useful for the predition of gravitational wave templates.
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This artile ontinues work initiated by Stahel and Havas who derived in 1976 the
Hamiltonians desribing a lass of dynamis inluding the 1pN and 1pC ones and who
omputed the integrals of motion orresponding to the approximate Poinaré invariane
[43℄. They announed a further artile, where speial interations allowing the hoie of the
spatial oordinates as anonial oordinates were to be treated up to seond order, but this
artile was never published. We do not follow the program they had initially designed but
rather onentrate on physially relevant interations inompatible with the latter hoie of
anonial oordinates.
The plan of the paper is as follows. In Se. II, we outline the general onstrained La-
grangian formalism for Lagrangians ontaining higher order time derivatives. We also show
how to derive a full time-stable set of Lagrangian onstraints not only for Lagrangians having
a similar struture as in [34℄, but also for ases where the matrix part of the Hessian is not
invertible. In Se. III, we outline the theory of the orresponding Hamiltonian formalism.
Se. IV is dediated to a short desription of the Poinaré algebra and its ation on spatial
oordinates. In Se. V we apply the preeding results to the 3pN dynamis of two point
masses, showing the expliit Poinaré invariane and deriving the orresponding integrals of
motion. The 2pC Lagrangian of Feynman-Wheeler eletrodynamis for two harged point
masses is treated similarly in Se. VI. Finally, in Se. VII, we summarize and disuss our
results.
II. HIGHER ORDER SINGULAR LAGRANGIAN POINT MASS DYNAMICS
We start from the ation integral of a higher order Lagrangian L that does not depend
expliitly on time. It simply reads [44, 45℄
S ≡
∫ t1
t0
dtL(q, q(1), ..., q(n)), (1)
where q is a short notation for the set of f independent variables {qµ}, µ = 1, ..., f , and
where q(i) denotes the set {q
(i)
µ } of their ith derivatives with respet to time t. The highest
order of time derivative appearing in L is denoted by n. From the ation priniple δS = 0,
we draw the generalized Euler-Lagrange equations,
∂L
∂qµ
−
d
dt
∂L
∂q
(1)
µ
+
d2
dt2
∂L
∂q
(2)
µ
− . . .+ (−1)n
dn
dtn
∂L
∂q
(n)
µ
= 0, (2)
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with µ = 1, . . . , f , d/dt denoting the total time derivative. By olleting the terms of the
µth equation that do not depend on q(2n) into a single funtion fµ and isolating the highest
order derivatives q(2n), we may rewrite Eq. (2) as
f∑
ν=1
q(2n)ν
∂2L
∂q
(n)
µ ∂q
(n)
ν
+ fµ(q, ..., q
(2n−1)) = 0. (3)
This relation shows that the highest order time derivatives always our multiplied with the
Hessian matrix
Hµν =
∂2L
∂q
(n)
µ ∂q
(n)
ν
, (4)
so that the Euler-Lagrange equations an be solved for q(2n) as a funtion of the onguration
spae variables q, ..., q(2n−1) if and only if the Hessian is invertible.
We now want to speialize to Lagrangians derived within slow-motion approximation
shemes of relativisti theories. These are for instane the Lagrangian desribing the on-
servative part of post-Newtonian dynamis that has been determined up to third post-
Newtonian order in Ref. [21℄, or the Lagrangian desribing the nth post-Coulombian dy-
namis of two partiles in the Feynman-Wheeler theory of eletromagnetism [23℄:
L(x, x(1), ..., x(n)) =−m1c
2
[
1−
(x
(1)
1 )
2
c2
] 1
2
−m2c
2
[
1−
(x
(1)
2 )
2
c2
] 1
2
− e1e2
n∑
k=0
1
(2k)!
(−D1D2)
k
c2k
[
1−
(x
(1)
1 x
(1)
2 )
c2
]
r2k−1 +O
(
1
c2n+2
)
, (5)
where the letter x is used to refer to onguration spae variables in order to emphasize
the physial interpretation of x
(j)
ai as the jth derivative of the ith omponent (i = 1, 2, 3)
of the position vetor of the partile a = 1, 2; where x
(j)
a stands for the jth time derivative
of the position vetor of partile a, and x(j) = {x
(j)
a } for the set of all onguration spae
variables that are time derivatives of jth order (x ≡ x(0)). Round brakets ( . . ) indiate
the salar produt, e.g. (x
(1)
1 x
(1)
2 ) =
∑3
i=1 x
(1)
1i x
(1)
2i ; if both vetors are idential we denote,
e.g. (x
(1)
1 )
2
. We further introdued the operator Da, whih represents the time derivative
ating exlusively on the onguration spae variables belonging to the partile numbered
a. r is the absolute value of the relative separation vetor, and ea denotes the harge of the
partile a. Note that, sine the square root may be expanded into a binomial series up to
order 1/c2n+2, it makes sense to onsider N-partile Lagrangians of the type [34℄
L =
1
2
N∑
a=1
ma(x
(1)
a )
2 +
n∑
s=0
εsVs(x, ..., x
(s)) +O(εn+1), (6)
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with ε ≡ 1
c2
. Whereas for the 3pN dynamis there is atually no x(3) dependene, the
formalism an be adapted to this ase (see Se. V). The Hessian of the above Lagrangian
Hai bj = ε
n ∂
2Vn
∂x
(n)
ai ∂x
(n)
bj
(7)
is not invertible on the ring R [ε] / (εn+1) on whih the approximation sheme is dened.
Thus, the Lagrangian is singular and the system is subjet to onstraints whih are now to
be determined.
The primary Lagrangian onstraints are given by all independent linear ombinations
of the Euler-Lagrange equations that do not ontain 2nth order time derivatives, imposing
thereby onditions on the onguration spae variables (f. e.g. [46, 47℄). From Eq. (3) we
see that they an be derived by ontrating the Euler-Lagrange equations with some null
vetors of the Hessian (7), we shall refer to as λr. Let us rst suppose that the matrix part
∂2Vn
∂x
(n)
ai ∂x
(n)
bj
ofHai bj is invertible [34℄, a restrition we will skip later. Then, in our approximation
sheme, the null vetors of the Hessian are those that are multiples of ε. The ontration of
the Euler-Lagrange equations with the anonial basis vetors of R
3N
multiplied by ε yields
all the primary onstraints. In the notation of Eq. (3) with the generalized oordinates being
the spatial oordinates x and their time derivatives, these are given by
εfbj(x, ..., x
(2n−1)) = O(εn+1). (8)
Sine
∂2Vn
∂x
(n)
ai
∂x
(n)
bj
is invertible, there are no more independent ones. Requiring the speial form
(6) of the Lagrangian, the Euler-Lagrange equations read
−mαx
(2)
α +
n∑
s=0
εsAαs(x, .., x
(2s)) = O(εn+1), (9)
Aαs =
s∑
r=0
(
−
d
dt
)r
∂Vs
∂x
(r)
α
,
with α = ai and ma = mα. Now, by means of Eq. (9), we rewrite the primary onstraints
(8) as
εmαx
(2)
α = ε
n−1∑
s=0
εsAαs(x, ..., x
(2s)) +O(εn+1). (10)
We observe that they oinide up to the fator ε with the equations of motion of lower order
in ε. Starting with the above equation, we an derive a minimal stable set of onstraints as
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explained in appendix A,
x(2+r)α =
1
mα
[
n∑
s=0
εsBα,2+r,s(x, x
(1))
]
+O(εn+1), (11)
for r = 0, ..., 2n − 3. The preise denition of the funtions Bα,2+r,s from the Aαs's is
speied in the appendix. It is worth notiing that the onstraints orresponding to the ase
r = 0 agree with the equations of motion after they have been iteratively redued to order
two in the time derivatives by removing higher order time derivatives with the help of the
equations of motion of lower order in ε. Similarly, the additional onstraints agree with the
appropriately redued time derivatives of the redued equations of motion. This justies the
preeding statement saying that the onstraints emerge by requiring the Newtonian limit.
The matrix part
∂2Vn
∂x
(n)
ai ∂x
(n)
bj
of the Hessian of post-Newtonian Lagrangians linear in the
aelerations, is not invertible. This an be ured by adding so-alled double-zeros. While
this may hange the rank of the matrix part of the Hessian, it does not inuene the
order-redued equations of motion [48, 49℄. Beause of the agreement between the latter
equations and the onstraints (11), established for an invertible matrix
∂2Vn
∂x
(n)
ai ∂x
(n)
bj
, we do not
expet double-zeros to hange the onstraints either. A loser investigation shows that this
is indeed the ase. We an state even more generally that the expression for the onstraints
and the onstrution of the Hamiltonian remains unhanged if the matrix-part of the
Hessian is non-invertible.
We thus suppose that
∂2Vn
∂x
(n)
ai ∂x
(n)
bj
is not invertible and has a onstant rank 3N − R all
over the onguration spae. Then, in the onsidered approximation sheme, all multiples
of ε are still null vetors of the Hessian, but there also R additional null vetors say λρα,
ρ = 1, ..., R, of order zero in ε. The primary onstraints are obtained by ontrating any of
them with the equations of motion. We shall rst onsider the onstraints emerging from the
ontration of the Euler-Lagrange equations with the anonial basis vetors of R
3N
times
ε. Sine the regularity of ∂
2Vn
∂x
(n)
ai
∂x
(n)
bj
is atually not used in the derivation of the minimal
time stable set they belong to, this set is again given by Eq. (11). The primary onstraints
generated by the additional null vetors λρα read
∑
α
λρα(x, ..., x
(n))
[
−mαx
(2)
α +
n∑
s=0
εsAαs(x, ..., x
(2s))
]
=O(εn+1), (12)
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where ρ = 1, ..., R and where
∑
α denotes the sum over all pairs α = ai with a = 1, 2 and
i = 1, 2, 3; λρα may depend on x, ..., x
(n)
for the Hessian itself possibly depends on these
variables. We must now examine the additional restritions imposed by Eqs. (12) to the
already derived onstraint surfae given by the set of relations (11). On this surfae, by
denition all higher order derivatives x(2), ..., x(2n−1) entering Eqs. (12) may be expressed by
means of the oordinates x, x(1) with the help of Eqs. (11). We nd thus
∑
α
λρα(x, ..., x
(n))
[
−mαx
(2)
α +
n∑
s=0
εsAαs(x, ..., x
(2s))
]
+O(εn+1)
≈
∑
α
λρα(x, x
(1))
[
−mαx
(2)
α +
n∑
s=0
εsBα,2,s(x, x
(1))
]
+O(εn+1) ≈
(11)
O(εn+1). (13)
We emphasize the fat that these relations only hold on the onstraint surfae by using the
weak equality symbol ≈. The system of equations (13) tells us that the onstraints resulting
from the additional null vetors of the Hessian are already fullled on the surfae dened by
the onstraints (11). It is satised for all times due to the time-stability property, so that
the seemingly additional onstraints are overed by the set (11). In short, the additional
null vetors do not generate additional onstraints. This fat enables us to perform the
transition to Hamiltonian formalism regardless of the invertibility of the matrix part of
the Hessian. Moreover, the Lagrangian onstraints of the onsidered dynamis are still
idential with the redued equations of motion or their redued derivatives. In partiular,
double zero terms, though they may hange the rank of the Hessian, do not inuene the
formalism as long as the general struture (6) is maintained. We observe that aording
to above omputation, unlike the usual theory, there are no arbitrary funtions of time
emerging in the dynamis, even if the ontration of some of the additional null vetors with
the Euler-Lagrange equations vanishes identially [46, 47℄. This is ultimately a onsequene
of the linear independene of the equations of motion at lowest order.
III. HIGHER ORDER SINGULAR CANONICAL FORMALISM
A system desribed by a Lagrangian of higher order allows for a anonial desription
with phase spae variables q(j) and anonially onjugate momenta Πj with j = 0, ..., n− 1
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[50, 51℄; Πj is the set of jth so-alled Ostrogradski momenta Πj1, ...,Πjf dened by
Πjµ :=
n−j−1∑
k=0
(
−
d
dt
)k
∂L
∂q
(k+j+1)
µ
, (14)
with j = 0, ..., n−1, µ = 1, ..., f , n being the highest order derivative entering the Lagrangian
and f the number of degrees of freedom. For j = 0, ..., n− 2 we may write alternatively
Πjµ =
f∑
ν=1
(−1)n−j−1q(2n−j−1)ν Hνµ +Kjµ(q, ..., q
(2n−j−2)) (15)
showing that the highest order time derivatives our multiplied with the Hessian. For
j = n− 1 we have
Πn−1µ =
∂L
∂q
(n)
µ
. (16)
It is of the form (15) with Kjµ = 0 if L is quadrati in the q
(n)
µ . (This speial ase has
not been aounted for in Ref. [34℄.) Let us rst assume that the Hessian is regular. In
this ase, the Ostrogradski transformation an be inverted by using an iterative algorithm.
The impliit equation (16) is loally solvable for the q(n) and yields q(n)(q, ..., q(n−1),Πn−1).
Having omputed the variables q(n+i) with i < j, we an invert the equation for the n−j−1th
Ostrogradski momentum for q(n+j)(q, ..., q(n−1),Πn−j−1, ...,Πn−1).
The Hamiltonian of the system is
H =− L(q, ..., q(n−1), q(n)(q, ..., q(n−1),Πn−1)) (17)
+
n−2∑
j=0
f∑
µ=1
Πjµq
(j+1)
µ +
f∑
µ=1
Π(n−1)µq
(n)
µ (q, ..., q
(n−1),Πn−1),
while the Hamiltonian equations of motion take the familiar form
d
dt
q(k)µ =
∂H
∂Πkµ
, (18a)
d
dt
Πkµ = −
∂H
∂q
(k)
µ
, (18b)
with k = 0, ..., n− 1. Introduing the (Ostrogradski-)Poisson braket
{F,G} ≡
n−1∑
j=0
f∑
µ=1
∂F
∂q
(j)
µ
∂G
∂Πjµ
−
∂G
∂q
(j)
µ
∂F
∂Πjµ
, (19)
the time evolution equations for a smooth funtion F of the phase-spae variables and time
t takes the form
d
dt
F = {F,H}+
∂F
∂t
. (20)
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Let us now turn to the ase where the Hessian is singular. Then, the Ostrogradski trans-
formation (q, ..., q(2n−1)) → (q, ..., q(n−1),Π0, ...,Πn−1) is not invertible anymore, or equiva-
lently, the phase spae variables onsidered as funtions of q, ..., q(2n−1) are not all indepen-
dent. If the Hessian has rank f−r (for a maximum rank f), they are linked by r independent
relations. These are the primary onstraints
Ψ¯a(q, ..., q
(n−1),Π0, ...,Πn−1) = 0 (21)
following from the denition (14) of the momenta. To make sure that the resulting onstraint
surfae Γ be a submanifold of phase spae, we impose the regularity ondition, demanding
that zero be a regular value of Ψ¯ regarded as a map on phase spae to Rr.
The Hamiltonian H as a funtion of the onguration spae variables reads
H(q, ..., q(2n−1)) =− L(q, ..., q(n)) +
n−1∑
j=0
f∑
µ=0
Πjµ(q, ..., q
(2n−j−1))q(j+1)µ . (22)
The remarkable fat is that the oordinates q(n), ..., q(2n−1) appear only through the om-
binations Πjµ(q, ..., q
(2n−j−1)) due to the partiular form of the dependene of L and Πjµ
on those oordinates. Hene, H atually depends only on q, ..., q(n−1) and Π0, ...,Πn−1.
This an be veried in a similar way as in the absene of higher order derivatives [52, 53℄.
Therefore, we may view the Hamiltonian as a funtion of the phase spae variables
H = H(q, ..., q(n−1),Π0, ...,Πn−1) although it is not unique in the ase where the Hessian is
not invertible but dened modulo a linear ombination of the primary onstraints
∑r
a=1 c
aΨ¯a,
with ca being funtions of the phase-spae oordinates [52, 53℄. The time evolution of a
smooth funtion F of the phase spae oordinates and time is given by
d
dt
F = {F,H}+
r∑
a=1
ua{F, Ψ¯a}+
∂F
∂t
, (23)
where ua, a = 1, ..., r are extra parameters, and { . , . } refers to the Poisson braket (19).
Additionally, at this level, Ψ¯a = 0 has to be imposed on the motion. The relation dΨ¯a/dt = 0,
a = 1, ..., r may entail restritions to the ua's and/or lead to new, seondary, onstraints.
Using again the time stability property, we may get further onditions, and so on. At the
end we are left with a omplete set of, say, K, time stable onstraints inluding the primary
ones
Ψk(q, ..., q
(n−1),Π0, ...,Πn−1) = 0, k = 1, ..., K, (24)
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subjet to the same regularity assumptions.
In onstrained dynamis, there is an important distintion between two types of on-
straints: (i) First lass onstraints are haraterized by the property that their Poisson
brakets (19) with all the other onstraints vanish on the onstraint surfae, (ii) seond-lass
onstraints have at least one non-vanishing Poisson braket on Γ. If the Poisson-braket ma-
trixD, dened in omponents as Dkl = {Ψk,Ψl} for k, l = 1, ..., K, has rank A on Γ, then the
set of onstraints (24) an always be linearly transformed into an equivalent set onsisting of
K −A rst-lass onstraints and A seond-lass onstraints with invertible Poisson-braket
matrix on Γ [52℄. Conversely, if no rst lass onstraints an be obtained from Eqs. (24) by
linear transformations, the Poisson braket-matrix D is invertible on Γ. In this ase, the
Dira braket of two phase spae funtions may be dened by
{F,G}∗ = {F,G} −
K∑
k,l=1
{F,Ψk}D
−1
kl {Ψl, G}, (25)
where D−1 is the inverse matrix of D, existing a least in a neighborhood of Γ.
The Dira braket keeps important features of the Poisson braket; namely it is bilinear,
antisymmetri, ats as a derivation on eah argument, and fullls the Jaobi identity. It
atually is the restrition of the Poisson braket on the onstraint surfae [54℄. Finally, it
has by onstrution two additional important properties
{Ψk, F}
∗ = 0, (26)
{G,F}∗ ≈ {G,F}, (27)
valid for arbitrary phase-spae funtions F and for funtions G of rst lass, i.e. funtions
whose Poisson braket with any onstraint vanishes on Γ; ≈ represents the weak equality
holding only on Γ. We are thus allowed to simplify expressions entering the Dira braket
by using the onstraint equations, whih amounts to setting the Ψk to zero, before the nal
omputation of the braket. With the help of suh a tool we are in position to reformulate
the time evolution equations equivalent to Eq. (23) on the onstraint surfae as
d
dt
F = {F,H
r
}∗ +
∂F
∂t
, (28)
where H
r
is the redued Hamiltonian, derived from H = −L +
∑n−1
j=0
∑f
µ=0Πjµq
(j+1)
µ by
eliminating all the other oordinates in favor of the oordinates of the onstraint surfae
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with the help of the system's onstraints [34, 47, 52, 53℄. The preeding anonial formalism
has been shown to be equivalent to the orresponding Lagrangian formalism in Ref. [36, 38℄.
We now want to speialize on systems desribed by a Lagrangian of the form (6). From
Eq. (14) we ompute the Ostrogradski momenta,
Πjα = mαx
(1)
α δj0 + ε
j+1Φjα
(
x, ..., x(2n−j−1)
)
+O(εn+1),
Φjα =
n−j−1∑
s=0
εs
s∑
l=0
(
−
d
dt
)l
∂Vs+j+1
∂x
(l+j+1)
α
. (29)
The Lagrangian onstraints (11) are already known. Owing to the equivalene theorems
proved in [36, 38℄, they an be translated into onstraints of the anonial formalism by
keeping the rst n− 2 relations and eliminating x(2), ..., x(2n−1) from the n identities (29) by
means of Eqs. (11) (f. Ref. [34℄, in whih this method is applied whereas the equivalene
had not yet been formally stated). We nd
ωrα ≡ x
(r)
α −
1
mα
n∑
s=0
εsBα,r,s(x, x
(1)) = O(εn+1) (30a)
ω1α ≡ x
(1)
α −
1
mα
[
Π0α − εΦ0α(x, x
(1))
]
= O(εn+1) (30b)
χjα ≡ Πjα − ε
j+1Φjα(x, x
(1)) = O(εn+1), (30)
with r = 2, ..., n − 1 and j = 1, ..., n − 1. The Φjα(x, x
(1))'s are derived from the
Φjα
(
x, ..., x(2n−j−1)
)
's by eliminating higher order derivatives with the help of Lagrangian
onstraints. As the onstraints (30a-30) obviously fulll the regularity onditions, they
dene a onstraint surfae Γ that is a submanifold of phase spae. As oordinates, we may
hoose e.g. x and Π0, another possibility would be x and x
(1)
.
First lass Hamiltonian onstraints our only if there are onguration spae variables
that are arbitrary funtions of time in Lagrangian formalism. We have already seen that
these are not present in our ase so that there are no rst lass onstraints in the dynamis
under onsideration. This result an also be proven by diret omputation of the Poisson-
braket matrix (f. appendix C and [34℄). It an be heked that
D =

{χkα, χrβ} {χkα, ωrβ}
{ωkα, χrβ} {ωkα, ωrβ}


(31)
is indeed invertible, whih implies in partiular that the number of onstraints is even. Hene
the onstraint surfae Γ has an even dimension, say g. Now, by an iterative proedure, D−1
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may be expressed by means of submatries of D (f. appendix C and [34℄). Adopting the
splitting
D−1 =

 X Y
−Y T Z

 , (32)
we may then write the Dira braket of two funtions f and g on the phase spae as
{f, g}∗ = {f, g} −
n−1∑
k,l=1
∑
α,β
{f, χkα}Xkα ,lβ{χlβ, g} −
n−1∑
k,l=1
∑
α,β
{f, χkα}Ykα ,lβ{ωlβ, g}
+
n−1∑
k,l=1
∑
α,β
{f, ωkα}Y lβ ,kα{χlβ, g} −
n−1∑
k,l=1
∑
α,β
{f, ωkα}Zkα ,lβ{ωlβ, g}. (33)
This braket denes a sympleti form on the onstraint surfae. Aording to the theorem
of Darboux, we an loally nd anonially onjugate oordinates Q,P of Γ suh that it
takes the familiar shape
{F,G}∗ =
g/2∑
α=1
∂F
∂Qα
∂G
∂Pα
−
∂G
∂Qα
∂F
∂Pα
. (34)
We shall see in Se. V and Se. VI that, for the dynamis investigated in this artile, it
will even be possible to exhibit global oordinates of this kind, whih will greatly simplify
omputations involving Dira brakets. The global existene of anonially onjugate o-
ordinates entails that the group of generalized anonial transformations, i.e. the group of
transformations that leave the Dira braket invariant, is neessarily a subgroup of the group
of anonial transformations on the phase spae [47℄.
IV. POINCARÉ ALGEBRA
The sympleti struture on the phase spae (resp. on the onstraint surfae) allows us to
endow the vetor spae of salar elds dened on Γ with the struture of a Lie algebra. The
Poisson-braket (resp. Dira-braket) relations satised by the generators of the innitesimal
(generalized) anonial transformations orresponding to the ation of a transformation
group are known to be idential to the Lie-braket relations of the generators of this group.
In other words, there exists a Lie algebra homomorphism between the Lie algebra of the
transformation group and that of the generators of the innitesimal (generalized) anonial
transformations (see e.g. [55℄).
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Knowing the latter Lie algebra, we are enabled to reonstrut the symmetry group loally.
This an be done globally only for simply onneted groups (unlike the Poinaré group).
As we aim at determining the symmetry group of some system in the phase spae or on
the onstraint surfae loally, it will be suient for us to onsider the Lie algebra of the
generators of innitesimal (generalized) anonial transformations (see e.g. [56℄).
By onstrution, the onservative pN dynamis in harmoni oordinates as well as the
pC dynamis of the Feynman-Wheeler theory in Lorentz gauge are approximately Poinaré
invariant. Therefore, in a neighborhood of the identity there exists an approximate repre-
sentation of the Poinaré group as a generalized anonial transformation group on Γ. This
means that on the onstraint surfae, there are generators H,Pi, Ji, Gi with i = 1, 2, 3 of
innitesimal generalized anonial transformations that approximately fulll the Poinaré
algebra with respet to Dira braket: We have thus
{Pi, Pj}
∗ = O
(
1
c2(n+1)
)
, (35a)
{Pi, Jj}
∗ =
3∑
k=1
ǫijkPk +O
(
1
c2(n+1)
)
, (35b)
{Ji, Jj}
∗ =
3∑
k=1
ǫijkJk +O
(
1
c2(n+1)
)
, (35)
{H,Pj}
∗ = O
(
1
c2(n+1)
)
, (35d)
{H, Jj}
∗ = O
(
1
c2(n+1)
)
, (35e)
{Gi, Gj}
∗ = −
1
c2
3∑
k=1
ǫijkJk +O
(
1
c2(n+1)
)
, (35f)
{Gi, H}
∗ = Pi +O
(
1
c2(n+1)
)
, (35g)
{Ji, Gj}
∗ =
3∑
k=1
ǫijkGk +O
(
1
c2(n+1)
)
, (35h)
{Gi, Pj}
∗ =
1
c2
δijH +O
(
1
c2(n+1)
)
, (35i)
where i, j = 1, 2, 3 are spatial indies and where n is the order of approximation (n = 3 for
the 3pN, n = 2 for the 2pC dynamis). In the non-relativisti limit c → ∞, the algebra
(35a-35i) redues to the Galilean one. In partiular Eq. (35i) beomes
{Gi, Pj}
∗ = δijM, (36)
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M being the total non-relativisti mass of the system. Sine all quantities are dened on
the ring R [1/c2] /
(
1/c2(n+1)
)
, stritly speaking, the term Mc2 appearing in the generator
H is not allowed. However, beause it is a mere onstant, it does not hange the dynamis
of the system. We may keep it for it suggests the physial interpretation of H as the total
onserved energy. To harmonize the argument, we shall work with a slightly modied form
of Eq. (35i), namely
{Gi, Pj}
∗ = δij(M +
1
c2
H) +O
(
1
c2(n+1)
)
. (35i')
The statement that a dynamis is Poinaré invariant usually signies more than the
existene of generators satisfying the Poinaré algebra. Namely, that the generators of the
innitesimal anonial invariane transformationsH,Pi, Ji, Gi are the generators of the linear
representation of innitesimal time translations, spatial translations, spatial rotations and
Lorentz boosts ating on the partile omponents. In short, the members of the Poinaré
group are to have the usual ation on the physial system, when the phase spae oordinates
x(t) are interpreted as the positions of the partiles in Cartesian oordinates parameterized
by the time t. This is often emphasized by referring to this type of dynamis as manifestly
Poinaré invariant.
In this perspetive, we shall investigate one by one the ations of the preeding gener-
ators on the phase spae variables, ating on the oordinates x(t) regarded as the spatial
oordinates of the system of N point partiles at time t. The time evolution of x(j)(t),Πj(t),
j = 1, ..., n− 1 is given by the trajetories on the onstraint surfae; the argument t will be
dropped below for the sake of simpliity. Throughout this artile we shall adopt the point
of view of ative transformations.
We start with the generator of innitesimal time translationsH . By denition it generates
a transformation that an be interpreted, when regarded as ative, as a translation of the
partiles along their trajetory. Now, the eet of an innitesimal time translation about τ
is
τ
d
dt
x
(k)
ai = δτx
(k)
ai = τ{x
(k)
ai , H}
∗ +O
(
1
c2(n+1)
)
, (37a)
τ
d
dt
Πk ai = δτΠk ai = τ{Πk ai, H}
∗ +O
(
1
c2(n+1)
)
. (37b)
Note the use of Dira brakets due to the fat that the trajetories are restrited to Γ.
From the equations of motion (28), we see that H may be hosen as the Hamiltonian or
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the redued Hamiltonian of the system as has been antiipated by the notation. Sine H
an be interpreted as the total energy of the system, the identity {H,H}∗ = 0 tradues the
onservation of energy in time.
The generators Pi and Ji, interpreted as linear and angular momentum, are the genera-
tors of innitesimal spatial translations and rotations. Even in absene of information on the
dynamis, we know their Poisson braket with arbitrary salar elds dened on the phase
spae. We know furthermore that generalized veloities are ontravariant while generalized
momenta are ovariant vetors. Therefore, under an innitesimal translation about ǫi gen-
erated by Pi, and an innitesimal rotation about ϕi, generated by Ji, i = 1, 2, 3, the phase
spae oordinates representing the partile omponents transform as
ǫi = δǫxai =
3∑
j=1
ǫj{xai, Pj},
0 = δǫx
(l)
ai =
3∑
j=1
ǫj{x
(l)
ai , Pj},
0 = δǫΠmai =
3∑
j=1
ǫj{Πmai, Pj},
3∑
j,k=1
ǫijkϕjx
(m)
ak = δϕx
(m)
ai =
3∑
j=1
ϕj{x
(m)
ai , Jj},
3∑
j,k=1
ǫijkϕjΠmak = δϕΠmai =
3∑
j=1
ϕj{Πmai, Jj},
with l = 1, ..., n− 1 and m = 0, ..., n− 1. They lead to the dierential equations
∂Pi
∂Πmak
= δikδ0m,
∂Pi
∂x
(m)
ak
= 0, (38a)
∂Ji
∂Πmak
=
3∑
j=1
ǫijkx
(m)
aj ,
∂Ji
∂x
(m)
aj
=
3∑
k=1
ǫijkΠmak, (38b)
whih x the momenta Pi and Ji up to a onstant. The Poisson braket relations of the
these generators are well known; we have for instane
{Pi, Jj} =
3∑
k=1
ǫijkPk, (39a)
{Ji, Jj} =
3∑
k=1
ǫijkJk. (39b)
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From Eqs. (38a-39b) we derive the unique result
Pi =
N∑
a=1
Π0 ai, (40)
Ji =
n−1∑
m=0
N∑
a=1
3∑
j,k=1
ǫijkx
(m)
aj Πmak. (41)
If a given dynamis is invariant under spatial translations and rotations, so must be the
onstraint equations and the onstraint surfae. In this ase, the generators of spatial trans-
lations and rotations are thus rst lass funtions. From Eq. (27), valid on the onstraint
surfae, we see then that all Poisson-braket relations inluding Pi and Ji also hold on Γ
as Dira-braket relations. This means that the momenta Pi and Ji displayed above are
the generators of innitesimal spatial translations and rotations represented as generalized
anonial transformations on Γ.
The physial interpretation of Gi as generator of innitesimal Lorentz boosts allows us
to determine its ation on the partile oordinates xai [43℄. An innitesimal boost about υj,
j = 1, 2, 3 ats on the spae-time oordinates of a partile following
δta = −
1
c2
3∑
j=1
υjxaj , (42a)
δxai = −υit. (42b)
A partile, loated at xai at time t, is loated after the ative transformation at position
x′ai = xai + δxai at time t
′
a = t+ δta. In the three-dimensional spae, this results in
x′ai(t
′
a) = xai(t) + δxai = xai(t)− υit. (43)
Let us stress that, beause we interpret the transformation as ative, we keep the same spae-
time oordinate system and simply boost the partiles. We hoose the time oordinate t
to be eliminated in favor of t′a up to rst order in υi. (However, sine we are dealing with
funtional identities valid for all the times, we ould also proeed by substituting for t.)
Applying t = t′a +
1
c2
∑3
j=1 υjxaj(t) and expanding Eq. (43) up to the linear order in υi, we
arrive at the relation
x′ai(t
′
a) = xai(t
′
a) +
1
c2
3∑
j=1
υjxaj(t
′
a)x˙ai(t
′
a)− υit
′
a +O(υ
2). (44)
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We have now expressed both sides of Eq. (43) through the oordinate time t′a. Sine Eq.
(44) is valid at any time, t′a is a mere dummy variable; it may be denoted by t again or
even be dropped as a funtion argument. This yields the following expression for the ation
of the generator Gi on the spatial oordinates x valid for any boost vetor υi
3∑
j=1
υj
(
1
c2
xaj x˙ai − δijt
)
= δυxai =
3∑
j=1
υj{xai, Gj}
∗ +O
(
1
c2(n+1)
)
, (45)
with n being again the order of approximation. Inserting the equations of motion (28) into
Eq. (45), we dedue the world line ondition
{xai, Gj}
∗ =
1
c2
xaj{xai, H}
∗ − δijt +O
(
1
c2(n+1)
)
. (46)
This ondition joined to the Poinaré algebra, to the expression of the ation of Pi, Ji on
the phase spae variables, and to the physial requirement that H is the Hamiltonian of
the system will be suient to determine Gi uniquely (up to arbitrary generalized anonial
transformations).
In the following, it will be useful to perform omputations with the quantity Ki = Gi+Pit
instead of Gi. Beause of Eqs. (35a, 35b, 35d, 35i'), Ki fullls the same Dira-braket
relations as Gi, but is not expliitly time dependent; it is not an integral of motion either.
Indeed, we onlude from Eq. (35g) ombined with the onservation law
dGi
dt
= 0 that
∂Gi
∂t
= −Pi. Applying the denition of Ki we nd
∂Ki
∂t
= 0 and {Ki, H}
∗ = Pi. The
world-line ondition for Kj reads,
{xai, Kj}
∗ =
1
c2
xaj{xai, H}
∗ +O
(
1
c2(n+1)
)
. (47)
It an be derived from Eq. (46) and from the rst of the two equations (38a), whih, due to
the rst lass property of Pi and relation (27), also holds as Dira-braket relation on the
onstraint surfae as mentioned above.
V. APPLICATION TO 3PN DYNAMICS
The onservative part of 3pN equations of motion for ompat binaries in harmoni
oordinates allows for a Lagrangian of the form [21℄
L(x, x(1), x(2)) =
1
2
2∑
a=1
ma(x
(1)
a )
2 + V0(x) +
1
c2
V1(x, x
(1))
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+
1
c4
V2(x, x
(1), x(2)) +
1
c6
V3(x, x
(1), x(2)) +O
(
1
c8
)
, (48)
with V0(x) = G
m1m2
r
. Beyond the fat it is restrited to a two-body system, it does not
show any dependene on x(3) in the term V3 by ontrast to the general Lagrangian (6).
The investigation of the dynamis an be performed in two dierent ways: First, sine the
original formalism as displayed in setions II and III does not require the invertibility of
the Hessian, it may be applied on an artiially extended onguration spae putting up
however with lengthier omputations. Seond, we may onsider V3(x, x
(1), x(2)) as a higher
order orretion to V2(x, x
(1), x(2)), gathering both funtions into a new quantity,
V¯2(x, x
(1), x(2)) = V2(x, x
(1), x(2)) +
1
c2
V3(x, x
(1), x(2)). (49)
In this approah we write the 3pN Lagrangian (substituting ε ≡ 1
c2
) as
L
3pN
=
1
2
2∑
a=1
ma(x
(1)
a )
2 + V0(x) + εV1(x, x
(1)) + ε2V¯2(x, x
(1), x(2)) +O
(
ε4
)
, (50)
without aeting the original auray. The formalism desribed in setions II and III has
to be appropriately modied.
It has been heked expliitly that both methods lead to equivalent onstraints, to iden-
tial expressions for the elementary Dira-brakets and to idential onserved quantities on
the onstraint surfae. However, sine the seond method is more adapted to the problem,
it demands less omputational eort. Furthermore it an be employed for the omputations
of 2pC-dynamis when the terms of third order are negleted. We shall therefore use it for
the subsequent alulations.
The equations of motion for the Lagrangian (50) read
−mαx
(2)
α +
2∑
s=0
εsAαs(x, ..., x
(2s)) = O(ε4), (51)
Aα0 =
∂V0
∂xα
, Aα1 =
∂V1
∂xα
−
d
dt
∂V1
∂x
(1)
α
, Aα2 =
∂V¯2
∂xα
−
d
dt
∂V¯2
∂x
(1)
α
+
d2
dt2
∂V¯2
∂x
(2)
α
.
The omputation of the onstraints for a system desribed by the above Lagrangian is
performed in appendix B. The main dierene to the formalism exposed in Se. II is that
the equations of motion have to be employed twie at the end to guarantee time stability.
Finally we obtain a minimal set of time stable Lagrangian onstraints (B7)
mαx
(r)
α −
2∑
s=0
εsBα,r,s(x, x
(1)) = O(ε4), (52)
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for α = a i and r = 2, 3. The Ostrogradski momenta derived from (29) are given by
Π0α = mαx
(1)
α + εΦ0α(x, ..., x
(3)) +O(ε4), (53a)
Π1α = ε
2Φ1α(x, x
(1), x(2)) +O(ε4), (53b)
where the Φ0α, Φ1α are now onstruted with V1 and V¯2:
Φ0α =
∂V1
∂x
(1)
α
+ ε
∂V¯2
∂x
(1)
α
− ε
d
dt
∂V¯2
∂x
(2)
α
(54a)
Φ1α =
∂V¯2
∂x
(2)
α
. (54b)
The transformation of the Lagrangian onstraints into onstraints on the phase spae oor-
dinates yields the Hamiltonian onstraints
χ1α ≡ Π1α − ε
2Φ1α(x, x
(1)) = O(ε4), (55a)
ω1α ≡ x
(1)
α −
1
mα
[Π0α − εΦ0α(x, x
(1))] = O(ε4). (55b)
The Φjα(x, x
(1))'s are derived from the Φjα
(
x, ..., x(3−j)
)
's by eliminating higher order deriva-
tives by means of Eqs. (52). The Poisson-braket matrix D of the onstraints (55a, 55b) is
regular, as shown in appendix C by an expliit omputation of D−1. It is thus possible to
endow phase spae with the Dira brakets (25). Their expliit expression an be found at
the end of appendix C.
We are now in position to give the representation of the generators of the Poinaré group
as generators of innitesimal generalized anonial transformations with respet to the Dira
braket for the onservative 3pN binary dynamis in harmoni oordinates. The phase spae
variables x1 and x2 are the positions of the two point masses. The generators at as usual
on them and on their onjugate momenta, in the way speied in Se. IV.
The redued Hamiltonian, generator of innitesimal time translation, an be omputed
from
H3pN = −L3pN +
2∑
a=1
3∑
i=1
Π0 aix
(1)
ai +
2∑
a=1
3∑
i=1
Π1 aix
(2)
ai , (56)
by using the onstraints to eliminate x(1), x(2) and Π1 in favor of the oordinates of the
onstraint surfae. The latter are hosen to be x and Π0 beause of their Hamiltonian
harater (a possible alternative is x and x(1)). In this grid, the redued 3pN Hamiltonian
expliitly reads
H
r,3pN =
0H
N
+
1
c2
1H
N
+
1
c4
2H
N
+
1
c6
3H
N
, (57)
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0H
N
=
Π01
2
2m1
+
Π02
2
2m2
−G
m1m2
r
,
1H
N
=−
Π01
4
8m13
−
Π02
4
8m23
+
G
2r
[
7 (Π01Π02)−
3m1
m2
Π02
2 −
3m2
m1
Π01
2 + (Π01n12) (Π02n12)
]
+
G2m1m2 (m1 +m2)
2r2
,
2H
N
=
Π01
6
16m15
+
G
16m12m22 r
[
10m2
3
m1
Π01
4 − 15m1m2Π02
2Π01
2 + 14m1m2 (Π02n12)
2Π01
2
−4m2
2 (Π02n12) (Π01n12) Π01
2 + 4m2
2 (Π01Π02)Π01
2 − 2m1m2 (Π01Π02)
2
−12m1m2 (Π02n12) (Π01n12) (Π01Π02)− 3m1m2 (Π01n12)
2 (Π02n12)
2
]
+
G2
8m1m2 r2
[
22m2
3Π01
2 + 47m1m2
2Π01
2 − 4m2
3 (Π01n12)
2 − 70m1
2m2 (Π01Π02)
+ 16m1
2m2 (Π01n12) (Π02n12)− 13m1m2
2 (Π01n12)
2
]
−
G3m1m2
8r3
[
19m1m2
+ 4m1
2
]
+ 1←→ 2,
3H
N
=−
5Π01
8
128m17
+
G
32m12m22 r
[
−
14m2
3Π01
6
m13
+
58m2
m1
Π02
2Π01
4
+
28m2
2
m12
(Π01n12) (Π02n12) Π01
4 −
28m2
2
m12
(Π01Π02)Π01
4 −
36m2
m1
(Π02n12)
2Π01
4
+
12m2
m1
(Π01n12)
2 (Π02n12)
2Π01
2 +
8m2
m1
(Π01Π02)
2Π01
2
− 12 (Π02n12)
2 (Π01Π02) Π01
2 −
20m1
m2
(Π02n12)
4Π01
2 − 4 (Π02n12)
3 (Π01n12) Π01
2
− 17Π02
2 (Π01Π02)Π01
2 −
8m2
m1
Π02
2 (Π01n12)
2Π01
2
+
16m2
m1
(Π01Π02) (Π02n12) (Π01n12)Π01
2 + 25Π02
2 (Π02n12) (Π01n12) Π01
2
− 10 (Π01n12) (Π01Π02)
2 (Π02n12)− 2 (Π01Π02)
3 + 5 (Π01n12)
3 (Π02n12)
3
+ 15 (Π01n12)
2 (Π02n12)
2 (Π01Π02)
]
+
G2
144 r2
[
−
957m2Π01
4
m12
−
261m2
2Π01
4
m13
−
90m2
m12
(Π01Π02)Π01
2
+
654
m2
(Π02n12)
2Π01
2 +
798
m1
Π02
2Π01
2 +
1848m2
m12
(Π01n12)
2Π01
2
−
705
m1
(Π02n12)
2Π01
2 +
1938
m1
(Π01Π02)Π01
2 −
2310
m1
(Π01n12) (Π02n12) Π01
2
22
+
36m2
2
m13
(Π01n12)
2Π01
2 −
1428
m1
(Π01Π02)
2 −
3192
m1
(Π01n12)
2 (Π01Π02)
−
1078
m1
(Π01n12)
3 (Π02n12) +
1146
m1
(Π01n12)
2 (Π02n12)
2
+
3660
m1
(Π01n12) (Π01Π02) (Π02n12)−
104m2
m12
(Π01n12)
4
]
+
G3
20160 r3
[
− 501760m2
2Π01
2 −
85680m2
3Π01
2
m1
− 496736m1m2Π01
2
− 12915m2
2π2Π01
2 + 147840m1m2ln
(
r
r1
)
Π01
2 + 562256m1
2 (Π01Π02)
+
30240m2
3
m1
(Π01n12)
2 + 174720m2
2 (Π01n12)
2 + 977808m1m2 (Π01n12)
2
− 982848m1
2 (Π01n12) (Π02n12)− 38745m1m2π
2 (Π01n12) (Π02n12)
+ 38745m2
2π2 (Π01n12)
2 + 12915m1m2π
2 (Π01Π02) + 547120m1m2 (Π01Π02)
− 149520m1m2 (Π01n12) (Π02n12)− 147840m1
2ln
(
r
r1
)
(Π01Π02)
+ 443520m1
2ln
(
r
r1
)
(Π02n12) (Π01n12)− 443520m2m1ln
(
r
r1
)
(Π01n12)
2
]
+
1
840
G4
r4
[
315m1
4m2 + 17427m1
3m2
2 − 3080m1
3m2
2λ− 6160m1
3m2
2ln
(
r
r1
)]
+ 1←→ 2.
We have again adapted the notation of Ref. [21℄ introdued after Eq. (5). Furthermore, we
have posed n12 =
x1−x2
r
. The term +1←→ 2 represents the expression that preedes but
with interhanged partile indies, inluding the ontributions that are already symmetri
in the partile indies, partiularly n12 must be hanged into n21 = −n12 there. Note that
it is possible to remove the logarithm terms through a oordinate transformation preserving
the harmoniity onditions outside the bodies [10℄.
The generators of innitesimal spatial translations and rotations are given on the whole
phase spae by Eqs. (40, 41) as
Pi =
2∑
a=1
Π0ai = Π01i +Π02i, (58)
Ji =
1∑
m=0
2∑
a=1
3∑
j,k=1
ǫijkx
(m)
aj Πmak
=
2∑
a=1
3∑
j,k=1
ǫijkxajΠ0ak +
2∑
a=1
3∑
j,k=1
ǫijkx
(1)
aj Π1ak. (59)
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For the dynamis, only their restritions to the onstraint surfae are relevant as integrals of
motion and generators of symmetry transformations. They an be omputed by eliminating
x(1) and Π1 from Eqs. (58, 59) with the help of the onstraints (55a, 55b). The result is
Pi|Γ =Π01i +Π02i, (60)
Ji|Γ =
2∑
a=1
3∑
j,k=1
ǫijk
[(
xaj − ε
2 1
ma
Φ1aj(x, x
(1)(x,Π0))
)
Π0ak
− ε3
1
ma
Φ0aj(x, x
(1)(x,Π0))Φ1ak(x, x
(1)(x,Π0))
]
+O
(
ε4
)
. (61)
The angular momentum Ji|Γ of the post-Newtonian dynamis an be written expliitly as
J3pNi =
0J
Ni +
1
c4
2J
Ni +
1
c6
3J
Ni, (62)
0J
Ni =ǫijkx1jΠ01k + ǫijkx2jΠ02k,
2J
Ni =− ǫijk
7G
4m1
(n12Π01)Π01jΠ02k + ǫijk
G
8m1m2 r
[
(n12Π02)
2m1 − 7m1Π02
2
]
x1jΠ01k
− ǫijk
G
8m1m2 r
[
(n12Π01)
2m2 − 7m2Π01
2
]
x1jΠ02k + 1←→ 2,
3J
Ni =ǫijk
G
24m12m22
[
9m2 (n12Π02) (n12Π01)
2 − 3m2Π01
2 (n12Π02)−
3m2
2
m1
Π01
2 (n12Π01)
+ 6m2 (n12Π01) (Π01Π02) +
10m2
2
m1
(n12Π01)
3
]
Π01jΠ02k
+ ǫijk
G
16m12m22r
[
7m2Π02
2Π01
2 −m2Π01
2 (n12Π02)
2 + 8m1Π02
2 (n12Π01) (n12Π02)
− 2m1 (n12Π01) (n12Π02)
3 −
m1
2
m2
(n12Π02)
4 − 6m1 (n12Π02)
2 (Π01Π02)
+
14m1
2
m2
Π02
4 + 10m2Π02
2 (n12Π01)
2 +
3m1
2
m2
Π02
2 (n12Π02)
2
]
x1jΠ01k
+ ǫijk
G
16m12m22r
[
2m2 (n12Π02) (n12Π01)
3 −
3m2
2
m1
Π01
2 (n12Π01)
2
− 10m1Π01
2 (n12Π02)
2 −
14m2
2
m1
Π01
4 +m1Π02
2 (n12Π01)
2
− 8m2Π01
2 (n12Π02) (n12Π01) +
m2
2
m1
(n12Π01)
4 − 7m1Π02
2Π01
2
+ 6m2 (n12Π01)
2 (Π01Π02)
]
x1jΠ02k
+ ǫijk
G2
24 r
[
193 (n12Π01) +
17m2
m1
(n12Π01)
]
Π01jΠ02k
24
+ ǫijk
G2
48 r2
[
21m2
m1
(n12Π01)
2 −
408m2Π01
2
m1
−
68m1Π02
2
m2
+ 48 (n12Π01) (n12Π02)
− 109Π02
2 +
100m1
m2
(n12Π02)
2 − 76 (n12Π02)
2 + 816 (Π01Π02)
]
x1jΠ01k
+ ǫijk
G2
48 r2
[
−
21m1
m2
(n12Π02)
2 −
100m2
m1
(n12Π01)
2 + 76 (n12Π01)
2 − 816 (Π01Π02)
+
68m2Π01
2
m1
+
408m1Π02
2
m2
+ 109Π01
2 − 48 (n12Π01) (n12Π02)
]
x1jΠ02k
+ 1←→ 2,
where a sum over the indies j and k = 1, 2, 3 must be understood. It has been heked
that the above momenta satisfy the relations (35a-35e). In partiular, H is invariant under
spatial translations and rotations and the omponents of the generalized total linear and
angular momentum, Pi and Ji, are integrals of motion.
The generator (62) takes a simple familiar form when written in oordinates that are
anonially onjugate with respet to the Dira braket. We have obtained these oordinates,
expressed in terms of x,Π0 by guess work. They read
Pα = Π0α − ε
3
∑
γ
1
mγ
Φ1γ(x,Π0)
∂Φ0γ(x,Π0)
∂xα
+O
(
ε4
)
, (63a)
Qα = xα − ε
2 1
mα
Φ1α(x,Π0) + ε
3
∑
γ
1
mγ
Φ1γ(x,Π0)
∂Φ0γ(x,Π0)
∂Π0α
+O
(
ε4
)
, (63b)
where the sum
∑
γ holds over all pairs of indies γ = b j, b = 1, 2, j = 1, 2, 3 and where
Φsγ(x,Π0), s = 0, 1, is a short notation for Φsγ(x, x
(1)(x,Π0)). This result an be veried by
using the expliit expressions (C12-C14) for the elementary Dira brakets.
It is important to stress that there does not exist any harmoni oordinate system in
whih Q and more generally any other anonial oordinates represent the partile posi-
tions. If it were possible, we ould go over to a frame where the partile positions are
anonial oordinates while maintaining manifest-Poinaré invariane. In terms of these
new oordinates, the Hamiltonian as well as the Lagrangian would be ordinary although
desribing manifest Poinaré invariant dynamis, in ontradition to the no-interation the-
orem [24℄. A onsequene is that we are not able to obtain anonially onjugate partile
oordinates by means of Poinaré transformations. This an be seen from Eqs. (C15, C16),
whih imply that {xα, xβ}
∗
annot vanish everywhere for the 3pN and 2pC dynamis. The
form of these two relations is maintained by Poinaré transformations that are also gener-
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alized anonial transformations. However, in the ase of vanishing oupling onstant, we
have Q → x, P → Π0. In other words, for the non-interating systems, manifest Poinaré
invariane beomes ompatible with the hoie of spatial oordinates as anonial oordi-
nates.
The interest of using Q and P rather than x and Π0 for expliit alulations is that in
these oordinates the Dira braket takes the simple standard form of a Poisson braket.
For simpliity, we shall note any funtion F (x,Π0) on the onstraint surfae expressed by
means of the anonially onjugate variables Q,P as F˜ ≡ F (Q,P ) ≡ F (x(Q,P ),Π0(Q,P )).
The Dira braket at a point x(Q,P ),Π0(Q,P ) of the onstraint surfae then redues to
{F,G}∗
∣∣∣∣
x(Q,P ),Π0(Q,P )
= {F˜ , G˜}Q,P ≡
∑
α
∂F˜
∂Qα
∂G˜
∂Pα
−
∂G˜
∂Qα
∂F˜
∂Pα
. (64)
In anonially onjugate oordinates, Pi and Ji have their usual expression on the on-
straint surfae for both dynamis under onsideration, namely
P˜i =
2∑
a=1
Pai +O
(
εn+1
)
, (65)
J˜i =
2∑
a=1
3∑
j,k=1
ǫijkQajPak +O
(
εn+1
)
, (66)
with n = 3 at 3pN (n = 2 at 2pC). Indeed, spatial translations and rotations leave the
onstraint surfae invariant so that the restritions of Pi and Ji to Γ are the well known
generators of innitesimal spatial translations and rotations on Γ (f. Se. V) taking above
shape in terms of anonially onjugate oordinates. This explains inidentally the absene
of a rst post-Newtonian ontribution in the expressions (62) and (83) for Ji|Γ as a funtion
of x,Π0. If the term ontaining Π1 does not ontribute to the rst order, this is beause the
Π1's are seond order quantities; for the rest, the x's and the Π0's are anonially onjugate
modulo 1/c4 orretions.
To determine the generator of Lorentz boosts, it is useful to work with the anonial
oordinates Q,P on the onstraint surfae. In addition, it is more onvenient to derive
K˜i ≡ Ki(Q,P ) = Gi(Q,P ) + Pi(Q,P )t rather than Gi(Q,P ) itself. We ompute K˜i with
the help of the method of undetermined oeients [17℄, thereafter xing the uniqueness of
the solution.
As already mentioned, Ki fullls the same Dira braket relations (35f-35h, 35i') as Gi,
but it is not expliitly time dependent and it is not an integral of motion. The behavior of
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K˜i under spatial rotations is governed by Eq. (35h) with the angular momentum Ji given
by (66). We onlude that K˜i has the general struture
K˜i =
2∑
a=1
Ma(Q,P )Qai +Na(Q,P )Pai +O
(
εn+1
)
, (67)
where Ma(Q,P ), Na(Q,P ) are two post-Newtonian salar funtions. The form of the dif-
ferential equations for K˜i resulting from the Poinaré algebra and the world-line ondition
suggests for Ma(Q,P ) and Na(Q,P ) the ansatz
cn0,...,n5R
n0P 2n11 P
2n2
2 (P1P2)
n3(N12P1)
n4(N12P2)
n5 + d1,s1R
s1 ln(R/r1) + d2,s2R
s2 ln(R/r2),
(68)
with R = |Q1 − Q2| and N12 =
Q1−Q2
R
; the logarithm terms are only expeted to appear in
the funtion Ma and the powers n0, s1, s2 are presumed to be integers, while n1, ..., n5 are
natural numbers. The admissible eight-tuples of s1, s2, n0, ..., n5 are restrited by demanding
the orret physial dimension for Ma and Na.
Insertion of the preeding ansatz into the partial dierential equations (35f-35h, 35i')
yields the linear system of equations to be solved. The oeients seem to be over-
determined, but the equations are not all independent so that there atually exists a so-
lution. It is most easily derived by means of a Computer-algebra program
1
. If we only
impose that the Poinaré algebra should be satised, some oeients remain undetermined
even at the 1pN order. They are set by requiring the world-line ondition on Ki, reeting
the manifest Lorentz invariane of the system. As a result, the expression for K˜i obtained
through this proedure, is automatially onsistent with both the Poinaré-algebra and the
world-line ondition.
Now, as disussed before, the anonially onjugate oordinates simplifying our expliit
alulation are not harmoni. Re-expressing K˜i by the oordinates x and Π0 of the onstraint
surfae we nally arrive at Ki in a harmoni-oordinate frame. The result is displayed up
to third post-Newtonian order as
K
3pNi =
0K
Ni +
1
c2
1K
Ni +
1
c4
2K
Ni +
1
c6
3K
Ni, (69)
0K
Ni =m1x1i +m2x2i,
1
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1K
Ni =
Π01
2
2m1
x1i +
Π02
2
2m2
x2i −
Gm1m2
2r
(x1i + x2i),
2K
Ni =−
Π01
4
8m13
x1i +
G
8m1m2
[
7m2
2Π01
2n12i −m2
2 (n12Π01)
2 n12i − 14m1m2 (n12Π02)Π01i
− 14m2
2 (n12Π01)Π01i
]
+
G
4 r
[
−
6m2
m1
Π01
2x1i + (n12Π01) (n12Π02) x1i
+ 7 (Π01Π02) x1i
]
+
G2m1m2
4 r2
[
− 5m1x1i + 7m2x1i
]
+ 1←→ 2,
3K
Ni =
Π01
6
16m15
x1i +
G
48m12m22
[
−
42m2
3
m1
Π01
4n12i −
6m2
3
m1
(n12Π01) Π01
2Π01i
− 6m2
2 (n12Π02) Π01
2Π01i − 30m1m2 (n12Π02)
2Π01
2n12i
− 24m2
2 (n12Π02) (n12Π01) Π01
2n12i −
9m2
3
m1
(n12Π01)
2Π01
2n12i
+ 18m1m2 (n12Π02)
2 (n12Π01) Π01i − 48m1m2Π02
2 (n12Π01) Π01i
+ 12m1m2 (n12Π02) (Π01Π02)Π01i + 20m1
2 (n12Π02)
3Π01i
+
20m2
3
m1
(n12Π01)
3Π01i + 18m2
2 (n12Π02) (n12Π01)
2Π01i
− 48m1
2Π02
2 (n12Π02) Π01i + 12m2
2 (n12Π01) (Π01Π02)Π01i
+
3m2
3
m1
(n12Π01)
4 n12i + 6m2
2 (n12Π02) (n12Π01)
3 n12i
+ 18m2
2n12i (n12Π01)
2 (Π01Π02)
]
+
G
16 r
[
21m2
m13
Π01
4x1i +
14
m1m2
(n12Π02)
2Π01
2x1i +
2
m12
(Π01Π02)Π01
2x1i
−
15
m1m2
Π02
2Π01
2x1i −
2
m12
(n12Π01) (n12Π02) Π01
2x1i −
2
m1m2
(Π01Π02)
2 x1i
−
12
m1m2
(n12Π01) (n12Π02) (Π01Π02)x1i +
2
m22
Π02
2 (Π01Π02)x1i
−
2
m22
Π02
2 (n12Π02) (n12Π01)x1i −
3
m1m2
(n12Π01)
2 (n12Π02)
2 x1i
−
11m1
m23
Π02
4x1i
]
+
G2
48 r
[
− 299m2Π01
2n12i +
68m2
2
m1
Π01
2n12i +
34m2
2
m1
(n12Π01) Π01i
+ 428m2 (n12Π01)Π01i + 386m2 (n12Π02)Π01i + 76m1 (n12Π02)Π01i
+ 48m1 (n12Π02) (n12Π01)n12i −
100m2
2
m1
(n12Π01)
2 n12i + 13m2 (n12Π01)
2 n12i
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+ 816m1 (Π01Π02)n12i
]
+
1
3360
G2
r2
[
21140m2 (Π01Π02) x1i − 50540m1 (Π01Π02) x1i + 21210m2Π01
2x1i
− 10640m1 (n12Π01) (n12Π02) x1i − 1470m1Π02
2x1i − 5670m2 (n12Π01)
2 x1i
−
1680m2
2
m1
(n12Π01)
2 x1i +
9240m2
2
m1
Π01
2x1i + 17360m2 (n12Π01) (n12Π02) x1i
+ 210m1 (n12Π02)
2 x1i
]
+
1
2520
G3
r3
[
− 5985m1
2m2
2x1i − 28702m1m2
3x1i − 18480m1
3m2ln
(
r
r1
)
x1i
+ 27442m1
3m2x1i + 18480m1m2
3ln
(
r
r2
)
x1i
]
+ 1←→ 2.
The 3pN aurate generators H3pN, P3pNi, J3pNi, G3pNi = K3pNi − P3pNit we have derived
in harmoni oordinates, onstitute an approximate representation of the Poinaré Algebra
given by the generators of innitesimal anonial transformations with respet to the Dira
braket, and thus, they generate the Poinaré transformation group on the phase spae
oordinates. The quantities are integrals of motion that may be interpreted physially as
the 3pN onserved total energy, the generalized total linear momentum, the generalized total
angular momentum and the enter of mass onstant. Their expressions have been heked
up to rst order by omparing them with Ref. [43℄. If we adapt the Lagrangian-like
oordinates x, x(1) on the onstraint surfae, the above generators of innitesimal anonial
transformations representing onserved quantities reprodue the Noetherian onstants of
motion assoiated with the Poinaré symmetry of the dynamis that are derived in [21℄ by
means of the Lagrangian formalism. Note that the denitions of Ki and Gi in this artile
are reverse.
It remains to show the uniqueness of the generators Pi, Ji, Gi of the Poinaré group up
to generalized anonial transformations provided that H is a post-Newtonian Hamiltonian.
Let us indiate that the following proof is also valid for the post-Coulombian dynamis.
We start with the ase of the momenta Pi and Ji. Their uniqueness as a funtion of
the phase spae oordinates has been established on the whole phase spae in Se. (IV). It
entails the uniqueness of their restrition to the onstraint surfae.
We next onsider the enter of mass onstant Gi. Its uniqueness is equivalent to that
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of K˜i ≡ Ki(Q,P ) = Gi(Q,P ) + Pi(Q,P )t, sine the oordinate transformation is a dif-
feomorphism and sine Pi is unique. Again, Q,P denotes the set of anonially onjugate
oordinates on the onstraint surfae while Pi represents the total linear momentum of the
system. Let us assume that there exist two solutions K˜i and K˜
′
i = K˜i + fi(Q,P ) that both
approximately fulll the Poinaré algebra and the world-line ondition within the ommon
oordinate frame. The relations (46, 35g, 35h) written in terms of the oordinates Q,P as
given by Eqs. (63a, 63b) read (f. also (64)):
{x˜ai, K˜j}Q,P =
{
Qai + ε
2 1
ma
Φ˜1ai − ε
3
∑
γ
1
mγ
Φ˜1γ
∂Φ˜0γ
∂Pai
, 0K˜j + ε
1K˜j + ε
2 2K˜j + ε
3 3K˜j
}
Q,P
+O
(
ε4
)
= εx˜aj{x˜ai, H˜}Q,P +O
(
ε4
)
, (70)
{K˜j, H˜}Q,P =P˜j +O
(
ε4
)
, (71)
{J˜i, K˜j}Q,P =
3∑
k=1
ǫijkK˜k +O
(
ε4
)
. (72)
Note that,beause xα,Π0β and Qα, Pβ agree at zeroth order, the Newtonian (or Coulombian)
ontribution to the Hamiltonian in anonially onjugate oordinates has the form
0H˜ =
2∑
a=1
P 2a
2ma
+ U(Q). (73)
The uniqueness of K˜i is then proved order by order using Eqs. (70-73). First, we may insert
suessively K˜j and K˜
′
j into (70) sine they are both assumed to fulll the latter relation.
Taking the zeroth order of the dierene, we nd that
∂ 0fj(Q,P )
∂Pai
= 0, (74)
hene
0fj(Q,P ) =
0fj(Q). Next, we go over to Eq. (71), where we insert again K˜j and K˜
′
j
suessively before subtrating the ensuant equalities. By virtue of Eq. (73) we obtain at
zeroth order:
2∑
a=1
3∑
k=1
Pak
ma
∂ 0fj(Q)
∂Qak
= 0. (75)
Beause Qα, Pβ onstitute a set of independent oordinates, and Eq. (75) holds for all Pak,
we are led to
∂ 0fj(Q)
∂Qak
= 0 ⇒ 0fj(Q) = onst. (76)
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From Eq. (72) taken at zeroth order, we onlude by applying the same proedure as ex-
plained above, that
0 = { 0J˜i,
0fj}Q,P = {
0J˜i,
0K˜ ′j −
0K˜j}Q,P
=
3∑
k=1
ǫijk(
0K˜ ′k −
0K˜k) =
3∑
k=1
ǫijk
0fk
⇒ 0fk = 0 ⇒
0K˜ ′i =
0K˜i. (77)
The proof of uniqueness at the rst order is similar. The world-line ondition Eq. (70),
trunated at this level of approximation yields
1fj(Q,P ) =
1fj(Q). Eq. (71) redues to
{ 1K˜j ,
0H˜}Q,P + {
0K˜j ,
1H˜}Q,P = 0, (78)
and we have the same equation for K˜ ′j. On the other hand, we know from Eq. (77) that K˜
′
i
and K˜i dier at most from the rst order on. Therefore taking the dierene between the
equation (78) for K˜ ′j and the same equation for K˜j at rst order leads to
{ 1fj(Q),
0H˜}Q,P = 0
2∑
a=1
3∑
k=1
Pak
ma
∂ 1fj(Q)
∂Qak
= 0
⇒
∂ 1fj(Q)
∂Qak
= 0, (79)
so that
1fj(Q) = onst. Now, from the rst order trunated version of Eq. (72), it follows
0 = { 0J˜i,
1fj}Q,P = {
0J˜i,
1K˜ ′j −
1K˜j}Q,P
=
3∑
k=1
ǫijk(
1K˜ ′k −
1K˜k) =
3∑
k=1
ǫijk
1fk
⇒ 1fk = 0 ⇒
1K˜ ′i =
1K˜i. (80)
The uniqueness of seond, third or even higher orders follows analogously.
VI. APPLICATION TO 2PC DYNAMICS
The Lagrangian desribing the binary dynamis of the Feynman-Wheeler theory in
Lorentz gauge up to seond post-Coulombian order takes the form
L(x, x(1), x(2)) =
1
2
2∑
a=1
ma(x
(1)
a )
2 + V0(x) +
1
c2
V1(x, x
(1)) +
1
c4
V2(x, x
(1), x(2)), (81)
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with V0(x) = −
e1e2
r
. We may thus adopt diretly all general results derived for the 3pN
dynamis by negleting the third order ontribution. The elementary Dira brakets of the
2pC dynamis, for instane, may be inferred from appendix C. The omputation of the
generators of the Poinaré group orresponding to the onserved quantities of the Feynman-
Wheeler 2pC binary dynamis an be performed in a way similar to the post-Newtonian
ase. The results read as follows.
The redued Hamiltonian is given by
H2pC =
0H
C
+
1
c2
1H
C
+
1
c4
2H
C
, (82)
0H
C
=
Π01
2
2m1
+
Π02
2
2m2
+
e1e2
r
,
1H
C
=−
Π01
4
8m13
−
Π02
4
8m23
−
e1e2
2m1m2 r
[
(Π01Π02) + (n12Π02) (n12Π01)
]
,
2H
C
=
Π01
6
16m15
+
e1e2
16m12m22 r
[
Π02
2Π01
2 − 2 (Π02n12)
2Π01
2 +
4m2
m1
(Π02n12) (Π01n12)Π01
2
+
4m2
m1
(Π01Π02) Π01
2 − 2 (Π01Π02)
2 + 3 (Π01n12)
2 (Π02n12)
2
]
+
e1
2e2
2
8m12m2 r2
[
Π01
2 + 3 (Π01n12)
2
]
+
e1
3e2
3
8m1m2 r3
+ 1←→ 2.
This result onrms the one derived in Ref. [34℄ as orreted in Ref. [35℄.
The generators of spatial translations and rotations Pi and Ji an be derived from Eqs.
(60) and (61). The expliit expressions for the restritions on the onstraint surfae in terms
of x and Π0 read
P
2pCi =Π01i +Π02i, (83)
J
2pCi =
0J
Ci +
1
c4
2J
Ci, (84)
0J
Ci =ǫijkx1jΠ01k + ǫijkx2jΠ02k,
2J
Ci =ǫijk
e1e2
4m2m12
(Π01n12)Π01jΠ02k + ǫijk
e1e2
8m12m22 r
[
m1Π02
2 −m1 (Π02n12)
2
]
x1jΠ01k
+ ǫijk
e1e2
8m12m22 r
[
−m2Π01
2 +m2 (Π01n12)
2
]
x1jΠ02k
− ǫijk
e1
2e2
2
4m1m2 r2
[
x1jΠ01k − x1jΠ02k
]
+ 1←→ 2,
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where a sum over the indies j and k = 1, 2, 3 must be understood.
The generator Gi is omputed as in the post-Newtonian ase. For Ki = Gi+Pit in terms
of x and Π0, we have
K
2pCi =
0K
Ci +
1
c2
1K
Ci +
1
c4
2K
Ci, (85)
0K
Ci =m1x1i +m2x2i,
1K
Ci =
Π1
2
2m1
x1i +
Π2
2
2m2
x2i +
e1e2
2 r
[x1i + x2i],
2K
Ci =−
x1iΠ01
4
8m13
+
e1e2
8m1m2
[
m2
m1
(n12Π01)
2 n12i −
m2
m1
Π01
2n12i + 2 (n12Π02)Π01i
+
2m2
m1
(n12Π01)Π01i
]
−
e1e2
4m1m2 r
[
(Π01Π02) x1i + (n12Π01) (n12Π02)x1i
]
−
e1
2e2
2
4m2 r
n12i + 1←→ 2.
The above generators H,Pi, Ji and Gi of innitesimal generalized anonial transformations
provide a representation of the Poinaré algebra on the onstraint surfae of 2pC Feynman-
Wheeler binary dynamis with respet to the Dira braket. The uniqueness of Pi, Ji and
Gi up to a generalized anonial transformation has been established in Se. IV.
VII. SUMMARY AND DISCUSSION
In the present artile, we applied an appropriate anonial formalism to desribe the
third post-Newtonian dynamis of point-mass binaries in harmoni oordinates. We treated
the seond order post-Coulombian dynamis of Feynman-Wheeler theory in Lorentz gauge
analogously. In ontrast to earlier works, we did not leave the oordinate onditions by
performing a higher order ontat transformation [30℄ but instead we generalized a method
developed in Ref. [34℄ and onstruted the dynamis diretly in harmoni oordinates resp.
Lorentz gauge within the framework of anonial formalism both singular and of higher order
in the time derivatives. The anonial formulation opens the way to advaned investigations
about the geometrial and physial interpretation of the motion. It is highly desirable
for deriving the generators of innitesimal generalized anonial symmetry transformations
that provide the integrals of motion. We omputed for the rst time the generators of the
Poinaré transformation group or, equivalently, the onserved quantities orresponding to
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the manifest Poinaré invariane, for third post-Newtonian onservative binary dynamis
in harmoni oordinates as well as for Feynman-Wheeler seond post-Coulombian binary
dynamis in Lorentz gauge. An appropriate hoie of oordinates of the onstraint surfae
reveals that the 3pN onserved quantities we have obtained agree with those derived via the
generalized Noether theorem in [21℄. After being redued to the enter of mass frame [40℄,
they an be used for the derivation of an analyti parametri solution to the third post-
Newtonian equations of motion in harmoni gauge for ompat binaries in eentri orbits
[41℄, whih is in turn of high pratial relevane for the onstrution of gravitational wave
searh templates and omparison with numerial simulations. A useful generalization of the
present investigations is suggested to be the appliation of our method to post-Newtonian
binary dynamis in harmoni oordinates inluding spin.
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Appendix A: LAGRANGIAN CONSTRAINTS [34℄
In this appendix we display for ompleteness the iterative method developed in Ref. [34℄
to derive a minimal set of time stable onstraints for a dynamis desribed by a Lagrangian
with the struture shown in Eq. (6).
(i) The rst stage of the method onsists in transforming the primary onstraints into
a more restritive set implied by the primary onstraints through time stability, without
making use of the time evolution equations. In this new set, the higher order time derivatives
are found separately in the various equations.
The primary onstraints (10) imply
εnx(2)α = ε
n 1
mα
Aα0(x) +O(ε
n+1). (A1)
Thus, Eqs. (10) multiplied by εn−1 are fullled by the motion, as well as the relations
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following from (A1) through repeated time dierentiation
εnx(2+r)α = ε
n 1
mα
Bα,2+r,0(x, x
(1)) +O(εn+1), (A2)
where r = 0, ..., 2n− 3; The quantities Bα,2+r,0(x, x
(1)) are derived from the Aα0's by dier-
entiating r times and eliminating aelerations by virtue of Eq. (A1) whenever they our;
the relation (A2) redues to (A1) when r = 0. Beware that, beause of the ourrene of the
time derivative x
(2n)
α , Eq. (A2) with r = 2n− 2 is not a onstraint, but rather the ondition
of time stability for the atual onstraints given by the system (A2) for r = 0, ..., 2n− 3. It
beomes a onsequene of the equations of motion as soon as the dynamis is restrited to
the onstraint surfae.
The next set of onstraints implied by the primary ones an be found by multiplying Eqs.
(10) by εn−2:
εn−1x(2)α = ε
n−1 1
mα
[
Aα0(x) + εAα1(x, x
(1), x(2))
]
+O(εn+1). (A3)
The aeleration dependene of Aα1(x, x
(1), x(2)) may be eliminated by means of Eqs. (A2)
εn−1x(2)α = ε
n−1 1
mα
[
Aα0(x) + εBα,2,1(x, x
(1))
]
+O(εn+1). (A4)
Dierentiating r = 0, ..., 2n − 3 times with respet to time and replaing all ourring
aelerations by means of Eqs. (A4) results in
εn−1x(2+r)α = ε
n−1 1
mα
[
Bα,2+r,0(x, x
(1)) + εBα,2+r,1(x, x
(1))
]
+O(εn+1). (A5)
Carrying on with this proedure we arrive at the set of onstraints
εx(2+r)α = ε
1
mα
[
n−1∑
s=0
εsBα,2+r,s(x, x
(1))
]
+O(εn+1), (A6)
where r = 0, ..., 2n− 3.
(ii) In the seond part of the method proposed by Jaen, Llosa and Molina, the above
system is ompleted to one that is stable under the time evolution ruled by the Euler-
Lagrange equations. The time stability ondition for Eqs. (A6) whih also overs the time
stability of all previous sets of onstraints, equals (A6) with r = 2n− 2:
εx(2n)α = ε
1
mα
[
n−1∑
s=0
εsBα,2n,s(x, x
(1))
]
+O(εn+1). (A7)
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Demanding time stability of the onstraints for the motion on the onstraint surfae is
equivalent to removing higher order time derivatives in the Euler-Lagrange equations with
the help of Eqs. (A6) and eliminating x
(2n)
α by means of Eq. (A7). We obtain the new set of
onstraints
x(2+r)α =
1
mα
[
n∑
s=0
εsBα,2+r,s(x, x
(1))
]
+O(εn+1), (A8)
with r = 0, ..., 2n− 3. From the way this set of onstraints has been obtained, we see that
it must hold even if some of the x
(2n)
α do not our in ertain linear ombinations of the
Euler-Lagrange equations, whih may be the ase for non-invertible
∂2Vn
∂x
(n)
ai ∂x
(n)
bj
.
For the set of onstraints (A8), the time stability ondition reads
x(2n)α =
1
mα
[
n∑
s=0
εsBα,2n,s(x, x
(1))
]
+O(εn+1). (A9)
This ondition is satised in the sense that removing the higher derivatives in the Euler-
Lagrange equations with the help of Eqs. (A8) and substituting x
(2n)
α by Eq. (A9) yields a
onstraint (Eq. (A8) with r = 0) fullled on the onstraint surfae. It is obvious, that the
set (A8) is more restritive than the original primary onstraints. Nonetheless, we see from
the derivation that it follows from them through the time stability ondition. As a result,
with (A8), we have found a minimal set of onstraints stable in time for the dynamis under
investigation.
Appendix B: 3PN CONSTRAINTS
In this appendix we derive the onstraints for the two-body system at the third post
Newtonian order by modifying appropriately the method displayed in appendix A.
Within our approximation sheme, any vetor being a multiple of ε2 is a null-vetor of the
Hessian of the 3pN Lagrangian (50). Therefore, using Eq. (51) as initial primary onstraints,
we have
ε2
(
mαx
(2)
α −
1∑
s=0
εsAαs(x, ..., x
(2s))
)
= O(ε4). (B1)
Primary onstraints due to the possible existene of further null vetors are not preluded.
(i) We now transform the system (B1) into a more restritive set obtained by implying
time stability, without employing the expliit equations of motion yet.
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The aeleration dependenes in orders higher than ε2 an be removed from Eq. (B1) by
means of the onstraints obtained through multiplying the primary onstraints with ε. We
are led to
ε2
(
mαx
(2)
α −
1∑
s=0
εsBα,2,s(x, x
(1))
)
= O(ε4). (B2)
After dierentiating and eliminating the ourring aelerations by making use of Eqs. (B2),
we nd
ε2
(
mαx
(3)
α −
1∑
s=0
εsBα,3,s(x, x
(1))
)
= O(ε4). (B3)
Requiring that the above onstraints are satised for all times yields the time stability
ondition
ε2
(
mαx
(4)
α −
1∑
s=0
εsBα,4,s(x, x
(1))
)
= O(ε4). (B4)
(ii) Additional onstraints emerge from the latter time stability ondition as well as from
the equations of motion. They are derived by multiplying the Euler-Lagrange equations by
ε and thereafter eliminating all seond and higher order time derivatives and found beyond
the leading term with the help of Eqs. (B2-B4). A last time dierentiation and elimination
of the newly appeared aelerations leads to the onstraints
ε
(
mαx
(r)
α −
2∑
s=0
εsBα,r,s(x, x
(1))
)
= O(ε4), r = 2, 3, (B5)
whih are not yet time stable. The time stability ondition
ε
(
mαx
(4)
α −
2∑
s=0
εsBα,4,s(x, x
(1))
)
= O(ε4) (B6)
inserted together with (B5) into the equations of motion yields the more restritive set of
onstraints
mαx
(r)
α −
2∑
s=0
εsBα,r,s(x, x
(1)) = O(ε4), r = 2, 3. (B7)
These onstraints are stable, for inserting all onstraints plus the time stability ondition
into the equations of motion yields a onstraint (namely (B7) with r = 2) that is atually
satised on the onstraint surfae. In ontrast to appendix A, the time stability ondition,
and thus the equations of motion had to be employed twie to determine the onstraints of
3pN dynamis. Finally, we note that it is now possible to argue as in Se. II that further
null vetors of the Hessian do not lead to further onstraints.
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Appendix C: 3PN ELEMENTARY DIRAC BRACKETS
The issue of this appendix is to present the expliit omputation of the Dira brakets
for the dynamis of interest in this artile. The Dira braket is bilinear and ats as a
derivation on eah argument. To know its ation on any two funtions of the phase spae,
it is therefore suient to know all elementary Dira brakets, i.e. the Dira brakets of the
onstraint surfae oordinates. In order to ompute them, we have rst to determine the
Poisson-braket matrix D of the onstraints up to the needed third order in ε, appropriately
adapting the general method given by [34℄ to the 3pN ase. All expressions redued to
seond order in ε an be diretly used for the post-Coulombian dynamis ase.
We start by splitting D into 6× 6-submatries as
D =

 S T
−T T U

 , (C1)
Sα,β = {χ1α, χ1β} = ε
2∂Φ1β
∂x
(1)
α
− ε2
∂Φ1α
∂x
(1)
β
+O
(
ε4
)
, (C2)
Tα,β = {χ1α, ω1β} = −δαβ − ε
1
mβ
∂Φ0β
∂x
(1)
α
+ ε2
1
mβ
∂Φ1α
∂xβ
+O
(
ε4
)
, (C3)
Uα,β = {ω1α, ω1β} = ε
1
mαmβ
(
∂Φ0β
∂xα
−
∂Φ0α
∂xβ
)
+O
(
ε4
)
. (C4)
This matrix is learly invertible. To obtain iteratively the inverse matrix of D, we write the
expansion in powers of ε as
D =
n∑
s=0
εs sD +O(εn+1). (C5)
It an be easily veried, that D−1 up to n-th order is given by
D−1 =
(
1+
n∑
s=1
εs sN
)
0D−1 +O(εn+1), (C6)
where
sN is omputed iteratively from
sN = − 0D−1 sD −
s−1∑
r=1
0D−1 s−rD rN. (C7)
In our problem, we need D−1 up to the third order. Its expliit expression reads
D−1 =
(
1+
3∑
s=1
εs sN
)
0D−1 +O(ε4)
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= 0D−1 − ε 0D−1 1D 0D−1 + ε2(− 0D−1 2D 0D−1 + 0D−1 1D 0D−1 1D 0D−1)
+ ε3
(
− 0D−1 3D 0D−1 + 0D−1 2D 0D−1 1D 0D−1 + 0D−1 1D 0D−1 2D 0D−1
− 0D−1 1D 0D−1 1D 0D−1 1D 0D−1
)
+O(ε4). (C8)
At last, we split D−1 into submatries,
D−1 =

 X Y
−Y T Z

 , (C9)
and aount for
{xα, ω1β} = O(ε
0) ,
{xα, χ1β} = O(ε
4) ,
{Π0α, ω1β} = O(ε) ,
{Π0α, χ1β} = O(ε
2).
From the expression (33) for the Dira braket we onlude diretly that, to determine the
elementary Dira brakets up to the desired third order, we need Y up to order 1, Z up to
order 2 and that we do not need X at all. The omponents of the relevant submatries are
Yα,β =δαβ − ε
1
mα
∂Φ0α
∂x
(1)
β
+O(ε2) , (C10)
Zα,β =ε
2
[
∂Φ1β
∂x
(1)
α
−
∂Φ1α
∂x
(1)
β
]
− ε3
[∑
γ
(
∂Φ1γ
∂x
(1)
α
−
∂Φ1α
∂x
(1)
γ
)(
1
mγ
∂Φ0γ
∂x
(1)
β
)
−
(
∂Φ1γ
∂x
(1)
β
−
∂Φ1β
∂x
(1)
γ
)(
1
mγ
∂Φ0γ
∂x
(1)
α
)]
+O(ε4). (C11)
Hene the elementary Dira brakets read
{xα, xβ}
∗ =
1
mαmβ
Zα,β +O(ε
4) , (C12)
{xα,Πβ}
∗ =δαβ + ε
2 1
mα
∂Φ1α
∂xβ
+ ε3
∑
γ
1
mαmγ
[(
∂Φ1γ
∂x
(1)
α
−
∂Φ1α
∂x
(1)
γ
)
∂Φ0γ
∂xβ
−
∂Φ0γ
∂x
(1)
α
∂Φ1γ
∂xβ
]
+O(ε4) , (C13)
{Πα,Πβ}
∗ =ǫ3
∑
γ
1
mγ
(
∂Φ0γ
∂xα
∂Φ1γ
∂xβ
−
∂Φ0γ
∂xβ
∂Φ1γ
∂xα
)
+O(ε4). (C14)
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Finally, we expliitly display the relation (C12) up to seond order for both 3pN and 2pC
dynamis.
2pN: {xai, xbj}
∗ =ε2
G
4
[
7
(
Π0 ai
ma
+
Π0 bi
mb
)
nab j − 7
(
Π0 aj
ma
+
Π0 bj
mb
)
nab i
+ (7δij + nab inab j)
(
3∑
k=1
nab k
(
Π0 ak
ma
+
Π0 bk
mb
))]
, (C15)
2pC: {xai, xbj}
∗ =− ε2
eaeb
mamb
[(
Π0 ai
ma
+
Π0 bi
mb
)
nab j −
(
Π0 aj
ma
+
Π0 bj
mb
)
nab i
+ (δij + nab inab j)
(
3∑
k=1
nab k
(
Π0 ak
ma
+
Π0 bk
mb
))]
. (C16)
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